We establish the general framework of quantum fluctuation theorems by finding the symmetry between the forward and backward transitions of any given quantum channel. The Petz recovery map is adopted as the reverse quantum channel, and the notion of entropy production in thermodynamics is extended to the quantum regime. Our result shows that the fluctuation theorems, which are normally considered for thermodynamic processes, can be a powerful tool to study the detailed statistics of quantum systems as well as the effect of coherence transfer in an arbitrary non-equilibrium quantum process. We introduce a complex-valued entropy production to fully understand the relation between the forward and backward processes through the quantum channel. We find the physical meaning of the imaginary part of entropy production to witness the broken symmetry of the quantum channel. We also show that the imaginary part plays a crucial role in deriving the second law from the quantum fluctuation theorem. The dissipation and fluctuation of various quantum resources including quantum free energy, asymmetry and entanglement can be coherently understood in our unified framework. Our fluctuation theorem can be applied to a wide range of physical systems and dynamics to query the reversibility of a quantum state for the given quantum processing channel involving coherence and entanglement.
I. INTRODUCTION
Since Shannon's adaptation of 'entropy' as the measure of information [1] , we have witnessed surprising usefulness of the mathematical descriptions of thermodynamics in developing information theory [2] . The interplay between information theory and thermodynamics has gone further than the development of common mathematical tools as the information [3, 4] and its feedback control [5] were, indeed, found to be physical and a source of work.
Any physical processes can involve inevitable loss, and this gives rise to the irreversibility of macroscopic states, which is known as the second law of thermodynamics. The principle of macroscopic irreversibility is not only valid in thermodynamics, but also in information theory. A resembling theorem called the data processing inequality, which says that information content never increases through a noisy channel, presides in information theory. These laws and theorems are, however, based only on the average behavior of a large system in equilibrium, while the full picture of statistical properties of a physical process can be found through the dynamics of probabilities of microstates. Macroscopic physical states consist of the ensemble of possible microstates, and physical processes can be understood as a collection of transitions between microscopic states. As the physical system gets smaller and more complex, there has been a demand to describe such transitions in non-equilibrium. For this purpose, fluctuation theorems (FTs) [6] [7] [8] [9] have emerged. In particular, the Crooks FT [7] can be summarized by the following equality between the probabilities P → and P ← of forward and backward transitions P → (σ) where the parameter involved is the entropy production σ. This symmetry shows that the probability of the reverse process happening depends on the entropy production during the forward process, which can be understood as a general result from the microreversibility of Hamiltonian dynamics [10] . The Jarzynski equality [8] and the second law of thermodynamics can be derived from the Crooks FT. The classical FTs are well-established with experimental verifications in microscopic systems [11] [12] [13] [14] , in which the transition probability of a microscopic state gives critical effects on the system.
As the theory of thermodynamics extends its realm to the quantum regime, one of the important questions is whether and how the FTs can be generalized to quantum systems. In other words, the question is 'Can we establish a single-parameter valued symmetry between forward and backward probabilities for an open quantum process?' In this paper, we answer this question by establishing such a symmetry, which can be applied not only to quantum thermodynamic channels but also to any noisy quantum information processing channels.
Despite the efforts to extend the FTs to the quantum regime [9, 15, 16] , a quantum FT (QFT), which can fully incorporate quantum features in the system and the channel, is still to emerge. For instance, in the presence of quantum coherences, thermodynamic free energy [17] [18] [19] can be larger than its classical counterpart which is concerned with classical energetic values. The role of quantum coherences and correlations is acknowledged as a resource that can be utilized for work extraction [20] [21] [22] or time referencing tasks [23, 24] . These nonclassical features stemming from quantum coherences not only affect thermodynamic quantities on average but also make the outcome probability distributions differ from classical theory. Quantum coherences are present in nonequilibrium quantum processes .
In order to establish a QFT, we have to define (1) the reverse process and (2) the quantum version of entropy production. These are not straightforward tasks, and efforts so far have been mainly to use the classical definition of work for quantum systems [54, 55] or to adopt quantum measurements [32] , namely, positive-operator valued measurements (POVMs), in order to consider work based on the two-point measurement (TPM) [25] . The entropy in classical theory does not reflect quantum coherences; thus the quantum parameter equivalent to the entropy production will be based on the quantum measure of fluctuations. Some progress to take into account coherences in QFT has been made by adopting the techniques of quantum information theory [26, 29, 33, 47, 50, 51] and quantum field theory [53] , as well as the quantum jump approach [27] and the master equation approach [39] . However, some of them [27, 29, 39, 47, 50] are limited to specific quantum channels, and their measurementbased approaches [26, 27, 39, 51] suffer from the loss of coherences after measurements.
In this paper, we establish the fluctuation relation for a linear quantum channel that reproduces the FTs in the classical thermodynamic limit. This can be done by adopting the reverse quantum process, known as the Petz recovery map [56] and generalizing the concept of entropy production to take into account coherences in a quantum system. We investigate the effect of coherences in a quantum state that makes the fluctuation relation, given by the ratio between the forward and backward transition probabilities, different from the conventional FTs. When the quantum channel induces coherence transfers, the transition between diagonal and off-diagonal elements in the density matrix of a quantum state can be understood via complex-valued quantum entropy production. The emergence of imaginary entropy production is related to the symmetry breaking property of the quantum channel, and we study concrete examples of a two-level atom interacting with coherent and incoherent bath states. More importantly, the imaginary part of entropy production plays an essential role in deriving the generalized second law for a quantum channel from our QFT. Our result verifies that not only the loss of thermodynamic free energy but also the loss of coherences or entanglement can be qualified as a dissipated resource responsible for the irreversibility of a quantum process.
The rest of the paper is organized as follows. In Section II, we reformulate the FT for a classical channel and discuss how to identify the reverse process for a given quantum channel via the Petz recovery map. In Section III, we demonstrate how coherences in a quantum state affect the fluctuation relation deviating from conventional FTs and construct the QFT of entropy production based on it. In Section IV, we introduce the complex-valued quantum entropy production in order to fully describe the transition between off-diagonal elements through the quantum channel and discuss how the QFT should be modified accordingly. In Section V, we show that the generalized second law of thermodynamics can be derived from the QFT, which can be applied to analyze the loss in quantum thermodynamics, as well as in the resource theories of asymmetry and entanglement. The paper is concluded with final remarks in Section VI.
II. PRELIMINARIES

A. Entropy production fluctuation relation for a classical channel
We reformulate the Crooks FT [7] in Eq. (1) which will help us to establish a QFT in a close analogy to this formulation. For this purpose, we focus on the transition between two physical states from A to B by a general physical process N , which can be a thermodynamic process or information encoding through a noisy channel. The physical states A = {p(x)} and B = {p (y )} are assumed to be macroscopic states described by probability distributions p(x) and p (y ) of their microscopic entities x and y . We may consider the reverse process R corresponding to N , which can be achieved by another physical process, for example, time-reversal, information decoding, or a recovery channel.
The transition probability from a microscopic state x to another microscopic state y for the forward process x N − → y is denoted by T (x → y ). Similarly, the transition probability for the backward (or reverse) process x R ← − y is denoted byT (x ← y ). The ratio between the forward and backward transition probabilities shows the tendency of the microscopic state transitions. Based on this observation, we denote this ratio after taking the logarithm as "information exchange":
Note that the information exchange does not depend on the distribution of microstates in the macrostate A or B, but on the forward and backward physical processes. Here, we find the concrete physical meaning of information exchange in thermodynamics when a system is in contact with a thermal bath in equilibrium. By assuming the microscopic reversibility with the energy conservation law, the transition probability between two phase space points x and y are given by T (x → y ) = T (x ←ȳ )e −β∆E [7, 57, 58] , whereT represents the timereversed trajectory of the time-reversed statesx andȳ , ∆E is the energy difference between the two phase space points, and β is the inverse temperature: β = 1/(k B T ) with k B the Boltzmann constant. When the system and bath are isolated from the external environment, the energy difference ∆E of the system comes from the heat Q: ∆E = Q. Thus, the information exchange δq x→y corresponds to βQ. However, correlations between the system and memory, which transfers information to a different time [59] , can be an additional parameter involved in δq which leads to the modification of the FTs [5, 60] for nonequilibrium thermodynamics of measurements and feedback controls. In this paper, we show
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x y x y ′ that the information exchange can have various physical forms-energy, coherence, or entanglement-depending on the physical process and how its reverse process is constructed.
Next, we discuss how the distribution of microstates can be changed as a result of the physical process. For this, we define the difference between the information contents of the macrostates, using the single-shot entropy difference
provided that we observe the statistics of the microstates x and y at the initial and final points. In contrast to the information exchange, this entropy difference depends only on the initial and final probability distributions p(x) and p (y ).
Finally, we describe how two different entropic quantities-the information exchange and the entropy difference can be connected. Analogous to the thermodynamic entropy production, we define the single-shot entropy production for the transition x → y as σ x→y := δs x→y − δq x→y .
(3)
When the system is in equilibrium, the entropy flow δq x→y will lead to the entropy difference δs x→y , i.e. the entropy production becomes zero: σ x→y = 0. On the other hand, in the general case of nonequilibrium processes, the entropy production will not vanish. To describe this case, we introduce the TPM approach which is widely studied for FTs in thermodynamics (see Fig. 1 ). The TPM distribution P → (x, y ) describes every possible event to observe (x, y ) at the initial and final measurements, where each marginal distribution reduces to the initial or final statistics p(x) or p (y ). Assuming that the physical process depends only on its current state, the TPM joint measurement probability can be written as
Similarly, the backward TPM distribution P ← (x, y ) = p (y )T (x ← y ) can be defined for the backward process.
By using the TPM probability distribution, the probability to get σ amount of entropy production during the forward process can be written as
then we obtain the FT in Eq. (1). It can be derived from Eq. (1) that the average entropy production σ is always positive, i.e. "information loss" during the physical process N results in the extra increase of entropy of the system.
B. Quantum operation time reversal and the Petz recovery map
In order to generalize the concept of the entropy production FT to a quantum channel, the first task is to identify the reverse map for the given quantum channel, which generalizes the time-reversed trajectory in thermodynamics. We require that both the forward (N ) and backward (R) quantum processes should be completely positive trace-preserving (CPTP) maps, which can be expressed as [62] . When the channel has a fixed point π satisfying N (π) = π, we can define the Kraus operator for the reverse dynamics asK m = π 1/2 K † m π −1/2 , which leads to
, or equivalently P → (m, m ) = P ← (m, m ), preserving the dynamic history of the process for the state π. Consequently, the reverse map can be defined as R π (ρ) = mK m ρK † m , where the fixed point π remains unchanged by R π , i.e., R π (π) = π.
Crooks's original approach [61] requires a fixed equilibrium state which is invariant under the quantum channel. This condition is relaxed to construct a general form of the reversed quantum operation, the so-called Petz recovery map [56] . Provided the structure of the quantum channel, i.e., γ N − → N (γ), is known, the Petz recovery map can be constructed as follows:
Definition 1 (Petz recovery map). For a given reference state γ and CPTP map N , the Petz recovery map R γ is defined as
where N † (·) = m K † m (·)K m is the adjoint map, and J α A (·) := A α (·)A α † is defined as a rescaling map. The Petz recovery map is a CPTP map and fully recovers the reference state, i.e. R γ (N (γ)) = γ.
In the Kraus representation, the reverse quantum channel R γ is given by the set of Kraus operators {K m } withK m = γ 1/2 K † m N (γ) −1/2 . Compared with Crooks's quantum operation time reversal [61] , it is always possible to construct the Petz recovery map R γ for any given reference state γ, while R γ reduces to the quantum operation time reversal when taking the fixed reference state π satisfying N (π) = π. The recovery map R γ is specific to the choice of the reference state and it is not possible to choose a map which can recover any initial state ρ unless the channel is represented by a unitary operation for the system. We also note that there exists a duality between N and R γ that N becomes the recovery map of R γ by choosing the reference state N (γ). The reference state can be chosen depending on the fluctuation of which physical properties we are interested in. The recovery maps, following the reference states, can vary even for the same forward quantum channel. As an example, we investigate in Section V how the different choices of reference states lead to the different fluctuation theorems of free energy, coherence, or entanglement.
While there have been some discussions of using the Petz recovery map to the QFT [47, 50, 51, 63] , they mainly focus on thermodynamic channels [47, 50] , or their measurement-based approaches [51, 63] cause the inevitable loss of coherences after measurements. Here we formulate a very general QFT based on the Petz recovery map. For this, we choose a reference state and its recovery map then write the backward transition probability through this map. In our formulation, both quantum and classical information quantities as well as thermodynamic quantities can be coherently combined into a unified framework. It is worth noting that the dynamics of the system may not be linear, for example when the system and bath are initially correlated [64] , a case we do not consider in this work. Throughout the paper, we assume that the reference state is full-rank, and we denote the reference state by γ = i r i |i i| and the evolved state by N (γ) = k r k |k k |, using their eigenvalue decompositions.
III. FLUCTUATION THEOREMS FOR A QUANTUM STATE WITH COHERENCE
A. Pure state fluctuation relation
Let us start with how the fluctuation relation for the transition probability is modified when quantum states contain coherences. Consider the transition probability between two pure quantum states |ψ N − → |φ , which can be compared to the transition between the microscopic entities x and y in Eq. (2). Throughout the paper, a primed parameter (·) denotes the final state after passing the channel. The forward transition probability is defined as T (|ψ → |φ ) := φ |N (|ψ ψ|)|φ . However, it is important to note that the reference states are not, in general, equally distributed in their eigen-states. Consequently, the maximally mixed state 1/d in a d-dimensional Hilbert space is not a passive state as N (1) = 1 and R γ (1) = 1. This raise the difficulty of a fair comparison between the forward and backward transitions in the same scale. In order to handle this, the coefficients of a density matrix can be weighted differently based on the distribution of the reference states, which we call the reference-rescaling [52, 65, 66] . In particular, we can choose the rescaling operations (denoted as ∼) for the reverse process to satisfy the relation 1
d so that the maximally mixed states is now mapped to itself in the rescaled statistics. By imposing this condition, the reverse process is applied to the rescaled states |ψ and |φ , where the transition probability is given byT (|ψ ← |φ ) := ψ |R γ (|φ φ |)|ψ . We then obtain the following fluctuation relation for the transition between the two pure quantum states:
Theorem 1 (Detailed balance condition for pure states). The transition probabilities from |ψ to |φ under a quantum channel N and its backward process R γ obey the following relation:
where
Detailed proofs of all the Theorems can be found in the Appendix. We note that the detailed balance condition given by Eq. (4) does not depend on how the quantum channel N is applied (for instance, suddenly or adiabatically), which is also the case in classical thermodynamics. We point out that the eigenstates of the reference states are not affected by the rescaling i.e. |ĩ = |i and |k = |k . By taking the fixed equilibrium state γ = i e −βEi /Z|i i| with the partition function Z = i e −βEi , we obtain T (|i → |k ) =T (|i ← |k )e −β∆E with ∆E = E k − E i , which shows that Eq. (4) reduces to the classical detailed balance condition. On the other hand, when the final state is given by the maximally coherent state |φ ∝ k |k , its rescaled state becomes |φ ∝ k e −βE k |k , the so-called coherent Gibbs state. Conversely, the initial coherent Gibbs state |ψ ∝ i e −βEi |i is rescaled into the maximally coherent state |ψ ∝ i |i for the reverse quantum process R γ . Theorem 1 also shows that recently studied Gibbsrescaling approaches toward the quantum fluctuation relation [52, 66] can be applied to a wider range of quantum channels beyond thermodynamic processes.
In order to illustrate the effect of coherence in the detailed balance, let us consider a single two-level atom as our system of interest. This interacts with a simple bath of a single-mode field. The system-bath interaction follows the Jaynes-Cummings (JC) model [67] whose Hamil- 
Dashed lines refer to the classical thermodynamic detailed balance e −β∆E . The green and red dots are obtained for the transition with ∆E = 0 for the coherent and incoherent initial fields, respectively. The additional factor Υ ≈ 1.27 can be observed for the case with coherence. This ratio depends only on the values of β and ω0 but not on g, Γ, or τ . tonian is given by
where the atomic Hamiltonian H a = ω a σ z /2 with the Pauli σ z operator, the field Hamiltonian H f = ω f a † a with bosonic operators a and a † and the last term represents the interaction Hamiltonian with σ ± the raising and lowering operators for the atom, and g the atomfield coupling strength. For the resonant interaction, the atomic transition frequency ω a and the field frequency ω f are the same: ω a = ω f = ω 0 . We assume that the field state is initially in thermal equilibrium at temperature T ; its density matrix is given by the field density operator γ f = exp(−βH f )/Z f . After their interaction for some time τ , the atomic state is found by tracing out the field mode:
where the evolution operator U 0→τ = e −iHJCτ . As a reference state of the system of interest, let us consider the atomic state in thermal equilibrium, γ a = exp(−βH a )/Z a , which is unchanged during the time evolution, i.e. N 0→τ (γ a ) = γ a for any time period τ . This resembles the thermodynamic processes studied in Ref. [50] as the unitary evolution obeys the energy conservation relation [U 0→τ , H a + H f ] = 0 . The corresponding Petz recovery map is written in the form of the time-reversed evolution [50] of the atomic state
where U 0←τ = e iHJCτ = U † 0→τ , which is equivalent to changing the Hamiltonian H JC → −H JC .
Using Theorem 1, we find the symmetry of the forward and backward transition probabilities between two pure atomic states |ψ → |φ with the energy difference ∆E = E φ − E ψ = φ |H a |φ − ψ|H a |ψ :
which resembles the detailed balance condition in classical thermodynamics, with the extra factor Υ = exp[β∆E + log ψ|e βHa |ψ φ |e −βHa |φ ]. We note that the extra factor Υ contains the higher-order terms of the system Hamiltonians, and Υ ≥ 1. This captures the effect of coherences on the quantum detailed balance as Υ > 1 if and only if either the initial or final state contains energy coherences. It can be understood in the sense that fluctuations in coherences make it more difficult to achieve the reverse quantum process of the rescaled states. Figure 2 compares the detailed balances regarding incoherent and coherent state-transition probabilities. The parameters for H JC are given by β = 1, ω 0 = 1 and g = 0.1. When the initial and final states do not contain coherences in the energy-eigenstate basis, (e.g. |e → |g or |g → |g , where |g and |e are the ground and excited atomic states) Υ becomes 1. On the other hand, the transition from |ψ =
flecting the role of coherence in the detailed balance condition. For example, by choosing r = 1/2 to set ∆E = 0, the quantum correction is given by Υ ≈ 1.27. We point out that this can be generalized to any multilevel systems with the appropriate Hamiltonian H. The effect of coherence becomes significant when the temperature is low and the state has coherence between a large energy difference. In contrast, for the high temperature limit we recover the conventional fluctuation theorem. Up to the second order of β, the quantum correction is given by
B. Master equation approach
Our approach can be applied to quantum Markov processes. Suppose that the dynamics of a quantum state is given by the Lindblad equation
where [A, B] = AB − BA is the commutator, and {A, B} = AB + BA is the anti-commutator. When we know the full trajectory of the reference state γ t , which evolves by the dynamics dγ t /dt = L(γ t ) for 0 ≤ t ≤ τ , we can construct the reverse dynamics based on the Petz recovery map. This can be done by considering a channel N t→t+dt at time t for an infinitesimal time interval dt, which can be written as
According to the definition of the Petz recovery map, the reverse process for this infinitesimal time interval is given by
We note that this reverse dynamics can be expressed in another Lindblad superoperator such that R t←t+dt = 1+ Ldt, wherẽ
Here, the Hamiltonian and jump operators for the reverse dynamics are defined asH t = − 1 2 γ
respectively. This reverse dynamics fully recovers the trajectory of the reference state, i.e., dγ τ −t /dt =L(γ τ −t ), wheret represents the evolution time in the reverse trajectory.
This result can be compared with the reverse dynamics of a Lindblad master equation studied in Ref. [51] . First, our result provides the closed form of the reverse dynamics in terms of the valid HamiltonianH t andL n jump operators in its master equation, while the approach in Ref. [51] results in the non-Hermitian effective Hamiltonian to describe the reverse dynamics. Second, our approach does not require any condition on the forward dynamics, thus can be applied to an arbitrary quantum Markov channel, while specific channels have been considered in Refs. [39, 51] .
We discuss an application of the reverse Markov dynamics to FTs when noise is included. Let us consider the previous examples of the JC Hamiltonian, subject to the thermal environment. The Lindbladian responsible for the noise is given by
where Γ is the coupling constant with thermal environment. The dynamics of the total atom-field state is given by
We note that the Gibbs state γ = γ a ⊗ γ f of both atom and field modes is stationary under the dynamics, i.e., L(γ) = 0, which can thus conveniently serve as the fixedpoint reference state as in the case without noise. The reverse dynamics is then given by the inversion of the Hamiltonian,H JC = −H JC , analogously to Eq. (7), while the noise term remains the same,L noise = L noise . If we trace out the field mode, we obtain the reverse trajectory of the atomic state. Figure 2 shows how the forward and backward transition probabilities between the two pure states change when the noise is added to the system's dynamics. We highlight that the detailed balance condition Eq. (8) is unchanged as the atomic state γ a remains the same for the cases with and without the noise term.
C. Quantum Crooks FT
Let us move on to derive the QFT for a mixed state transformation through the quantum channel. Sup-
Here {p µ , |ψ µ } and {p ν , |φ ν } are the eigenvaluedecompositions of ρ and N (ρ) respectively, and |ψ µ and |φ ν are not necessarily orthogonal to each other. The single-shot entropy change is calculated similarly to the classical channel as
The information exchange of the quantum channel is characterized with respect to the reference bases {|i } and {|k }. The classical and quantum channels are different as the latter could include coherences; thus, transitions between off-diagonal elements, |i j| N − → |k l | should be considered as well. We define the quantum information exchange to contain all these transitions by
where T ij→k l := k |N (|i j|)|l andT ij←k l := i|R γ (|k l |)|j . Even though the transition matrices are complex-valued, the ratio between the forward process (T ij→k l ) and the backward process after taking the complex conjugate (T * ij←k l ) is always positive. If we consider the transition between the diagonal elements T ii→k k , the quantum information exchange reduces to the classical case Eq. (2) .
We note that taking the complex conjugate is necessary to establish the symmetry between the forward and backward transitions of off-diagonal elements and to consider the equivalence of the transpose operation, T * ij←k l =T ji←l k . This implies that the reverse process should be redefined as R * γ := Θ • R γ • Θ to include the transpose operations Θ(|i j|) = |j i| and Θ (|k l |) = |l k |, which are related to the timereversal operation in quantum mechanics. For example, in a harmonic oscillator system with the Hamiltonian H = p 2 /(2m) + mω 2 0 x 2 /2 with [x, p] = i , the transpose operation Θ with respect to the energy eigenstates is identical to the reflection in phase space, p Θ − → −p and x Θ − → x, which is equivalent to the time-reversal operation. However, R * γ is no more a CPTP map as the transpose operation does not preserve the complete-positivity condition [68] . This problem can be bypassed by noting that the quantum states should also be time-reversed in the reverse trajectory. Time-reversing the quantum states cancels out the effect of the transpose operations as Θ(R * γ (Θ (ρ ))) = R γ (ρ ). Throughout this paper we will keep using the Petz recovery map and the reversed state without the time-reversal operations to preserve the CPTP property of the reverse quantum channel, as R γ and Θ • R * γ • Θ give the same picture for a physical state described by a density matrix.
In a similar way to the classical channel given by Eq. (3), the entropy production for the transition
For the reference state, the entropy production becomes zero for any transitions, which corresponds to a reversible process in thermodynamics (see Fig. 3 ). The final step to establish the QFT is constructing the TPM distribution while keeping all the marginal distributions of µ, i, j, ν , k , l unchanged. Although it is impossible to find a positive TPM quasi-probability distribution satisfying such a condition [45, 46] , we can define a complex-valued distribution for the forward process as where Π i = |i i| and Π k = |k k |. We can prove that P µ,ν ij,k l satisfies the marginality:
We are now ready to derive the entropy production QFT. Using the TPM quasi-probability, the distribution of entropy production is given by
and P ← (σ) can be similarly defined using the recovery map R γ . We note that P → (σ) is a real-valued function, and only the real parts of the TPM quasi-probability Re[P µ,ν ij,k l ] contribute to P → (σ) as P µ,ν ij,k l = (P µ,ν ji,l k ) * and σ µ→ν ij→k l = σ µ→ν ji→l k . Analogous to the classical Crooks FT, we establish the symmetry between the forward and backward quantum transitions.
Theorem 2. The distribution of quantum entropy production for the CPTP map N is related to its reverse process R γ as:
D. Reconstructing the TPM quasi-probability distribution from a two-point POVM protocol
We schematically describe how to experimentally show QFT. The first task is to study whether the complexvalued TPM quasi-probability distribution P µ,ν ij,k l can be obtained from observable quantities. Let us consider the TPM probability
, where M m and M m are measurement operators for the initial and final points with the measurement outcomes m and m , respectively. Note that P → (m, m ) is a proper probability distribution. Such protocol has recently been experimentally realized to test fluctuation theorems in the quantum regime [54, 55, 69, 70] .
We point out that the projection measurement Π i and Π k cannot directly be adopted for M m and M m as all the coherence terms vanish after the measurements are performed. In order to keep coherences, we perform POVMs at the initial and final points, where POVM elements can overlap each other. We provide a two-point POVM protocol such that the TPM quasi-probability can be obtained from the statistics of the measurement outcomes.
For our example of the JC Hamiltonian Eq. (5), where the reference states have the eigenstates {|g , |e }, the POVMs for the first and second measurements can be given by
Here, Π ψµ = |ψ µ ψ µ | and Π φ ν = |φ ν φ ν |, and the measurement outcomes can be represented as m = (µ, a) and m = (ν , b ) for all possible (µ, a) and (ν , b ). In experiments, Π ψµ , Π φ ν , |g g|, and |e e| can be realized by projection measurements combined with single-qubit gates. The other POVM elements 1
√ 2 e i(π/2)σz can be obtained by performing the controlled-phase gate of φ = π/2 along with an initial ancillary state |0 c + |1 c followed by the projections onto |0 c 0| and |1 c 1|. These quantum operations can be implemented in various physical systems [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] including atoms [71] , photons [72] [73] [74] , trapped ions [75, 76] , and superconducting circuits [77] [78] [79] .
We note that both real and complex components of the TPM quasi-probability P µ,ν ij,k l can be fully reconstructed as a linear combination of the two-point POVM distribution P → (m, m ). Detailed expression can be found in Appendix D. The TPM quasi-probability for the reverse process can be obtained in a similar way by the following two-point POVMs
. This protocol can be generalized for the initial and final quantum states in a d-dimensional Hilbert space.
In this case, a set of POVMs to obtain the TPM quasi-probability can be constructed as follows: Once we obtain the TPM quasi-probability P µ,ν ij,k l , the quasi-probability of the entropy production P → (σ) can be reconstructed by Eq. (15).
IV. FLUCTUATION THEOREMS FOR A QUANTUM CHANNEL INDUCING COHERENCE TRANSFER
A. Coherence transfer and negative quasi-probability distributions
Even though Theorem 2 looks remarkably similar to its classical counterpart (1), there is a crucial difference that P → (σ) can have negative values (see Fig. 4 and Section IV C for detailed discussions). This stems from the fact that the real part of the TPM quasiprobability Re[P µ,ν ij,k l ] can be negative. The negativity in the TPM quasi-probability distribution can be understood in line with that the work quasi-probability distributions [31, 45, 46] should allow negativity to preserve the marginal distribution of work without disturbing the mean energy difference in the TPM setting. The negativity in the work distribution occurs when the quantum state and measurement operators do not commute [31] , and its relation to contextuality [46] has been recently studied. More generally, we can find a connection between the TPM and Wigner quasi-probability distributions [82] by noting that both preserve the marginal probabilities of non-commuting observables. In this man- ner, their negativities can been studied as a signature of nonclassicality [83] . Also, the deeper physical meaning of the negativity might be found based on its relationship to contextuality [84] , which we leave to future analysis.
Let us discuss the necessary conditions to obtain the negativity in P → (σ) in two different aspects: 1) coherence contained in the system and 2) coherence transfer induced by the channel. We study the condition for coherence in the quantum states first. We note that the TPM distribution is always positive when both initial and final states are diagonal with respect to the reference states, i.e, ρ = i p i |i i| and N (ρ) = k p k |k k |. In this case, the TPM distribution is given by p i T (|i → |k ) ≥ 0 and the FTs for classical channels can be retrieved. This result implies that coherence in the quantum states is a necessary condition for the negativity in P → (σ).
However, it is important to note that the initial or final quantum state containing coherence is not enough to observe the negativity in P → (σ). We can have a quantum Through this channel, the transition |i j| N − → |k l | occurs between the same mode of coherence [85] satisfying ω ij = ω k l , where ω ij := − log r i + log r j and ω k l := − log r k + log r l . When {r i } and {r k } are nondegenerate, the channel does not generate off-diagonal terms |k l | from any diagonal terms |i i|. We note that this type of quantum channel has a positive distribution P → (σ) ≥ 0 for any initial states. Therefore, the quantum channel should induce a coherence transfer between offdiagonal elements to have the negativity in P → (σ). In the following sections, we will see how the coherence transfers by the quantum channel lead to a qualitatively different nature of QFTs-the imaginary entropy production.
B. Rotated Petz recovery maps and imaginary quantum information exchange
In order to understand the coherence transfer, it is important to note that there is an additional degree of freedom to choose in the Petz map for the full recoverability of the reference state γ [86] . This additional parameter leads to a family of recovery maps called the rotated Petz recovery map (See Fig. 5 ).
Definition 2 (Rotated Petz recovery map). For a given reference state γ and CPTP map N , the Petz recovery map can be generalized to the following form of the rotated recovery map [86] 
Every rotated Petz recovery map fully recovers the reference state, i.e. R θ γ (N (γ)) = γ for every θ.
The ordinary Petz recovery map R γ is the special case of the rotated Petz map with θ = 0. Now, we calculate the ratio between P → and P ← as in Eq. (11) with the generalized Petz map, where the reverse transition is given byT θ ij←k l = i|R θ γ (|k l |)|j . In this case, the ratio between the forward and backward transition acquires an additional phase factor as
The involvement of the phase is purely due to coherences as it vanishes for the transition between diagonal elements. The rotation in the Petz recovery map modifies the quantum information exchange by adding the imaginary term:
while keeping the real part as in Eq. (11) . We choose the factor (1/2) in δq I to be consistent with the real part of δq. The single-shot entropy production then becomes complex-valued as
The quasi-probability distribution of entropy production for the forward process P → (σ) = P → (σ R + iσ I ) can be defined in a similar way to Eq. (15), as well as for the backward process P θ ← (σ) by using the reverse process R θ γ . Analogous to the case of real-valued entropy production, P → (σ) and P θ ← (σ) can be reconstructed from the twopoint POVM introduced in Section III D. Now we present the main result of the paper, which fully reflects the involvement of quantum coherences in the channel or in the system. Theorem 3 (Generalized QFT). The quasi-probability distribution of quantum entropy production P → (σ) for a CPTP map N is related to its reverse process R θ γ by
Note that Theorem 2 can be deduced from the generalized QFT in Eq. between off-diagonal elements, and it arises when coherences are involved in both system and channel. In the following sections, relationships between the imaginary entropy production and the covariance property of the quantum channel are discussed. We will also see that the imaginary parts play an important role in recovering other fluctuation theorems and the second law of thermodynamics for a quantum channel.
C. Two-level atom interacting with the coherent and incoherent heat baths
As a specific case study, we recall the previous example of the JC Hamiltonian in Eq. (5) . We first show a simple case of the QFT for an incoherent thermal channel, which does not show negativities. From the definition of the entropy production Eq. (19), we find σ µ→ν
where E i are the energy eigenstates of the atomic Hamiltonian H a . Note that E k − E l = E i − E j should hold when the two-level atom is interacting with the thermal field. Using this condition, the quantum entropy production for the transition (µ, i, j) → (ν , k , l ) is simplified as σ µ→ν
is the energy exchange, or heat flow, from the field to the atomic system. Note that there is no imaginary part that appears in the entropy production, and the entropy production probability is always positive (see Fig. 4 ).
When the channel induces a coherence transfer between off-diagonal elements, the situation can be different. As an example, we assume that the field is initially in a coherent Gibbs state |γ f ∝ ∞ n=0 exp[−nβ ω 0 /2]|n before normalization. Then the channel in Eq. (6) becomes
We choose the interaction time τ = 0, where the thermal equilibrium state of the atom γ a returns to the initial thermal equilibrium, i.e. N coh 0→τ (γ a ) = γ a . This allows us to keep γ a as the fixed reference state as for the thermal channel.
Although the reference state γ a is unchanged by the channel, coherence transfers occur from the coherent bath to the system as the condition E k − E l = E i − E j no longer holds. We characterize the transitions between off-diagonal elements by using the complex-valued quantum information exchange (see Fig. 6 ). For example, a transition |g g| Figure 7 shows the points of nonvanishing imaginary entropy production when the twolevel atom is interacting with the coherent bath.
D. Covariant quantum channel and symmetry breaking
We discuss the physical meaning of the rotation in the Petz recovery map in relation to the covariance property of the quantum channel. We note that the rotation part in Eq. (17) can be written as J iθ γ (ρ) = U (θ)ρU † (θ) with U (θ) = e iθ log γ , which is the form of the unitary group transformation given by the generator log γ. Such transformation can be regarded as translation in time, space, or rotation, when the group generator is given by a Hamiltonian, momentum operator, or angular momentum operator, respectively. For example, when the fixed reference state is given in the form of γ ∝ e −βH for a Hamiltonian H, the rotation J iθ γ (ρ) = e −iβHθ ρe iβHθ corresponds to the time-translation operation.
The physical symmetry of the quantum channel can be studied by comparing the effects of the group transformations before and after passing the channel. When the quantum channel N satisfies the following symmetry condition with respect to the two group transformations U (θ) and V (θ):
for all θ, the channel is called covariant. In the previous example of time-translation, if the quantum channel N satisfies N (e −iβHθ ρe iβHθ ) = e −iβHθ N (ρ)e iβHθ , we say the channel is covariant with respect to the group transformations U (θ) and V (θ), where U (θ) = e −iβHθ = V (θ). We also note that the covariance properties of quantum channels have been studied in the context of the resource theory of asymmetry [87] [88] [89] , quantum thermodynamics [23, 24, 90, 91] , and quantum error correction [92, 93] . We demonstrate that the imaginary quantum information exchange is directly related to the covariance prop-erty of the channel with respect to the group transformations U (θ) = e iθ log γ and V (θ) = e iθ log N (γ) . We find that the imaginary part of the information exchange vanishes when the quantum channel is covariant with respect to U (θ) and V (θ). This condition can be equivalently expressed as
Conversely, the non-vanishing imaginary quantum entropy production implies that the quantum channel does not have the covariance property. We summarize the relationship between imaginary entropy production and covariance of the quantum channel as the following theorem:
Theorem 4 (QFT for a covariant quantum channel). For a covariant quantum channel N with respect to the reference state γ, every rotated Petz recovery map reduces into the ordinary Petz map (R θ γ = R γ ), and the quantum entropy production does not have imaginary values. On the other hand, the time-translational symmetry breaking occurs for the channel N coh 0→τ when the atom is interacting with the coherent Gibbs state in the JC Hamiltonian, which can be inferred from the imaginary entropy production (see Fig. 7 ). The imaginary entropy production not only indicates the broken symmetry of the quantum channel but also provides additional information about how it reacts by the group transformations U (θ) = e iθ log γ and V (θ) = e iθ log N (γ) in the frequency domain. We note that the value of imaginary entropy production σ I having non-vanishing P → (σ R + iσ I ) should match the peaks in the Fourier transform of the transition probability between the rotated eigenstates T (U (θ/2)|ψ µ → V (θ/2)|φ ν ) (see Fig. 7 ). If the channel is covariant, the transition probability does not depend on θ, which is consistent with the fact that there is no imaginary entropy production.
In the following section, we demonstrate that the imaginary part of quantum entropy production also plays a crucial role in the derivation of the second law inequality from the general form of the integral QFT.
V. GENERALIZED SECOND LAW FOR A QUANTUM CHANNEL
A. Integral QFT and quantum data processing inequality
When the initial state ρ has the same rank as the reference state γ, the following equality holds for every θ
where · denotes averaging over the TPM distribution. By taking θ = 0, we obtain e −σ R = σ R P → (σ R )e −σ R = 1, which resembles the classical integral FT [94] . Despite the negativities in P → (σ), we verify that the examples discussed in the JC Hamiltonian in Fig. 7 satisfy the integral QFT given by Eq. (23) for both cases of coherent and incoherent baths.
However, due to the complex-valued nature of both the transition amplitude and the quantum entropy production, it is impossible to apply Jensen's inequality to obtain the inequality for the first-order moment of Eq. (23). This gives rise to the highly-nontrivial question of whether the QFT involving complex values implies the physically meaningful second law of thermodynamics. Nevertheless, we show that the generalized second law can be obtained by taking into account of both real and imaginary parts of quantum entropy production as follows:
Theorem 5 (The second law for a quantum channel). The integral QFT for a quantum channel N is equivalent to the following equality is given by the projection Π ρ onto the support of ρ. κ θ = 1 when the initial state ρ has the same rank with γ. From this equality condition, we can obtain a generalized second law:
for the quantum channel N .
It is important to note that the expectation value of the real part of entropy production is equal to the quantum relative entropy difference, and Eq. (25) is known as the quantum data processing inequality [86] . The expectation value of the imaginary part of entropy production vanishes, i.e., σ I = 0. Non-decreasing of the first-order moment of entropy production can be understood as the second law for a quantum channel from the generalized QFT similar to the relationship between the second law of thermodynamics and the classical FT. The mean entropy production σ has the physical meaning of average information loss through the noisy quantum channel as σ = δs − δq ≥ 0 implies that the system gains an additional amount of uncertainty (i.e., entropy) compared with the prediction from the reference state. The expectation values of higher-order momenta should obey
for any value of θ from Eq. (25) , so that the fluctuations of the higher-order moments can be inferred from the expectation values of lower-order moments. By recalling the relationship between the second law and reversibility of thermodynamic processes, it is natural to ask whether σ = 0 implies the perfect reversibility of the quantum state using the recovery map. In fact, this has been proven to be true by the stronger version of the quantum data processing inequality [86] 
We prove this inequality in an alternative way in the Appendix. Using Eq. (26), we see that if σ = 0, F(ρ, (R θ/2 γ • N )(ρ)) should be 1 for every θ which implies that ρ is fully recovered by every rotated Petz recovery map. Conversely, by applying the quantum data processing inequality to the channel R θ γ starting from N (ρ), we can see that σ = 0 if (R θ γ • N )(ρ) = ρ. We summarize the necessary and sufficient conditions for the reversibility of the quantum channel as follows:
Theorem 6 (Reversibility condition for a quantum channel [86] ). For a quantum channel N with respect to the reference state γ, a transformation ρ N − → N (ρ) is fully reversible by every Petz recovery map R θ γ , if and only if the mean entropy production is zero, i.e. σ = 0. Also, there exists a convex sum of the rotated Petz recovery mapsR γ satisfying
In order to relate σ to the second law of thermodynamics, we consider a thermodynamic process including the Hamiltonian change of the system and bath. Suppose that the Hamiltonians of the system and bath are given by H S and H B initially, and change into H S and H B , respectively. The thermodynamic channel for the system interacting with the thermal bath γ B can have the following form:
Here, U is a unitary interaction between the system and bath satisfying U (H S + H B )U † = H S + H B to obey the energy conservation law H S + H B ρ SB = H S + H B U ρ SB U † for any system-bath state ρ SB . The twolevel atom interacting with the incoherent bath by the JC Hamiltonian is the specific example of such thermodynamic channel, in which the Hamiltonians of the system and bath do not change.
In quantum thermodynamics, it has been studied that the free energy can be generalized into the form of F (ρ) = Tr[ρH] − k B T S(ρ) to describe the second law regarding thermodynamic processes in the quantum regime [17] [18] [19] . This stems from an approach [95] to define nonequilibrium free energy by including information theoretic quantities. By applying the QFT to the channel N th , we can find the FT of the free energy loss through quantum thermodynamic processes. If we take the reference state to be the Gibbs state γ S for the initial Hamiltonian of the system H S , the thermodynamic channel N th maps this state into N th (γ S ) = γ S which is another Gibbs state for the final Hamiltonian H S . We note that the single-shot free energy difference can be written in terms of the entropy production as (δF ) µ→ν
is the equilibrium free energy difference. The imaginary entropy production vanishes due to the condition E k −E l = E i −E j [91] . Then the integral QFT leads to the balanced equality relation for the quantum free energy difference for any non-equilibrium initial state with full rank as
The second law of quantum thermodynamics can be obtained from Theorem 5 as ∆F := δF ≤ ∆F eq . The physical meaning of the above inequality is that the mean dissipated free energy of non-equilibrium states ∆F eq − ∆F should always be greater than or equal to zero, which can be deduced from its fluctuation theorem e −β(∆Feq−δF ) = 1. Furthermore, the following reversibility condition can be obtained from Theorem 6: In generalized QFT, however, the fluctuating quantity is not necessarily energetic values, but can be characterized in various physical contexts depending on the choice of reference states. In the following sections, we will see how the fluctuations of quantum information quantities in the resource theory of asymmetry [88, 89] and entanglement can be understood under the framework of the QFT.
B. Asymmetry fluctuation in covariant channels
Let us consider a covariant channel N cov with respect to the generator L satisfying N cov (e −iLt ρe iLt ) = e −iLt N cov (ρ)e iLt (27) as we discussed in Section IV B by taking the group transformations U (t) = e −iLt = V (t). In the viewpoint of quantum resource theory [96] , asymmetry contained in a quantum state serves as a resource for the reference frame alignment [87] and quantum clocks [23, 24, 97] . The degree of asymmetry can be quantified by the relative entropy [85] C The decreased amount of asymmetry through the covariant channel is due to the dissipation of asymmetry, or the asymmetry loss, which is quantified by
In order to investigate the fluctuation of dissipated asymmetry based on the QFT, we choose the reference state D(ρ) = i r i |i i|. Then by using the property of the covariant channel, we see that N cov (D(ρ)) = D(N cov (ρ)) = k r k |k k |, where both |i and |k are the eigenstates of L. When L is nondegenerate, r i = i|ρ|i and r k = k |N (ρ)|k . We note that by using these reference states, the single-shot coherence loss δC for the transition (µ, i, j) → (ν , k , l ) can be written as δC µ→ν ij→k l = −σ µ→ν ij→k l by noting that ∆C = µ,ν i,j,k ,l P µ,ν ij,kl δC µ→ν ij→k l = − σ based on the TPM distribution and the single-shot quantum entropy production. The asymmetry loss then obeys the following fluctuation relation e δC R −iθδC I = κ θ for any θ, from the integral QFT. Note that κ θ = 1 when the initial state ρ is full rank. This fluctuation relation provides information on the statistics of the dissipated asymmetry in more detail compared to the mean asymmetry loss given by the monotonicity of the asymmetry measure ∆C = δC ≤ 0. The inequality condition for the mean asymmetry loss is the consequence of the former equality condition as seen in Theorem 5. We also highlight that every rotated Petz recovery map R θ D(ρ) is a covariant quantum channel with respect to L and recovers all diagonal elements of the initial state as (R θ D(ρ) • N cov )(D(ρ)) = D(ρ). By combining these observations with Theorem 6, we establish the relationship between the asymmetry loss and the reversibility via a covariant recovery channel. This has been studied in the context of the catalytic transformation of quantum states [97] . Corollary 6.2 (Recovery of covariant channels [97] ). A quantum state is fully recoverable if and only if there is no asymmetry loss ∆C = 0 through the covariant quantum channel N cov . Also, there exists a covariant recovery map that gives the recovery fidelity satisfying
We introduce another application of the QFT in the resource theory of asymmetry. We note that although the average amount of asymmetry cannot be increased under a covariant quantum channel, some off-diagonal components ρ ij can be merged [18, 91] to get a larger off-diagonal coefficient |ρ k l | in the output state. We can prove the upper bound for the value of the off-diagonal element using the QFT, which provides more information than the mean value of the asymmetry loss.
Theorem 7 (Coherence merging bound for a covariant process). Suppose that the quantum channel N cov is covariant with respect to the generator L. After passing through the channel, the value of the off-diagonal elements is upper bounded by
where Ω + k l and Ω − k l are the subsets of Ω k l = {(i, j)|λ i − λ j = λ k −λ l } with (δq R ) ij→k l ≥ 0 and (δq R ) ij→k l < 0 for an arbitrary reference state γ commuting with L.
The coherence merging inequality in Theorem 7 is a generalization of the coherence merging inequalities in quantum thermodynamics [18, 91] , as the Theorem can be applied to not only a thermal channel but also any covariant quantum channels.
Let us discuss how the different choices of reference states lead to different interpretations of loss albeit through the same quantum channel. For this purpose, we adopt the previously discussed JC Hamiltonian with the parameters β = 1, ω 0 = 1 and g = 0.1, and the thermal noise term L noise with Γ = 0.1. We set the initial atomic state ρ = (1/2)|ψ ψ|+1/4 with |ψ = (|g +|e )/ √ 2. We note that the dynamics of the system can be interpreted as a thermodynamic channel discussed in the last part of Section V A, as well as a covariant channel with respect to the system Hamiltonian H a studied in Section V B. By regarding this channel as a thermodynamic process, we can choose the Gibbs state γ a as the reference state. In this case, the mean entropy production indicates the loss in the free energy ∆F = δF = −0.233, and the reverse channel has the meaning of time-reversal operation in Free energy loss (blue) versus asymmetry loss (brown) in the JC Hamiltonian with thermal noise. The initial state and the parameters are the same as in Fig. 4 , and P→(σR) for each case is given by the summation over σI . Both the free energy and coherence loss satisfy the integral QFT: e βδF = e β∆Feq = 1 and e δC R = 1.
thermodynamics. For the same channel and initial state, another choice of the reference state would be taking the diagonal state D(ρ) to focus on the covariant property of the channel. In this case, the corresponding reverse channel would be a covariant recovery channel, and the mean entropy production ∆C = δC R = −0.115 can be regarded as the dissipated asymmetry in the quantum state through the quantum channel. While the average values of free energy and coherence loss are different, both satisfy the integral QFT, e βδF = e β∆Feq = 1 and e δC R = 1 by taking θ = 0 and noting that ∆F eq = 0 as the Hamiltonian remains the same. Figure 8 shows the distributions P → (σ R ) for the free energy and coherence loss. This approach can be utilized to characterize and quantify the loss of resources through a quantum channel in various physical contexts.
C. Fluctuation of entanglement and coherent information
We apply the QFT to study a stochastic entanglement generation by a local operation and classical communication (LOCC). We consider a LOCC protocol on a pure bipartite state |Ψ AB , which is similar to the construction introduced in Ref. [98] , to study the fluctuation of entanglement. The initial amount of entanglement between A and B is quantified by the entanglement entropy as 
with the probability P m = Ψ|K † m K m |Ψ for the outcome m. Since the local unitary operation V m does not change the entanglement entropy of a pure bipartite state, the entanglement difference between the initial and final states is given by ∆E m S = E S (|Φ m AB ) − E S (|Ψ AB ). The monotonicity of entanglement [99] tells us that the amount of entanglement does not increase under LOCC on average, i.e.,
The QFT in Theorem 5 shows that the fluctuation of the entanglement loss obeys the balanced equality relation. By introducing the memory state |m M m|, the quantum channel N LOCC of the LOCC protocol can be described as follows:
where |m M are orthogonal to each other. We also take the reference state to be 1 A ⊗ ρ B , then its evolution is given by
Based on the reference state for the LOCC channel and regarding the initial memory state as |0 M 0|, the single-shot entropy production for the transition (0, i, j) → (m, k , l ) is given by σ 0→m 0ij→mk l = log r m k r m l − log √ r i r j + i log r m l /r m k − log r i /r j , where √ r i and r m k are the Schmidt coefficients of |Ψ AB and |Φ m AB . The QFT provides the balanced equality condition for the difference between the Schmidt coefficients by defining (δE S ) 0ij→mk l = −σ 0→m 0ij→mk l . The integral QFT for the entanglement loss is then obtained from Theorem 5
is the recovery fidelity of ρ AB = |Ψ AB Ψ| by the recovery channel R θ/2 1 A ⊗ρ B . Theorem 5 leads to the monotonicity of entanglement [99] 
It is important to note that the Petz recovery map corresponding to the LOCC channel N LOCC also belongs to LOCC, and this channel fully recovers the marginal states of the local parties. This observation, combined with Theorem 6, directly connects the entanglement loss through the LOCC channel N LOCC to the recoverability of the entangled state as follows: This result can also be generalized to a bipartite mixed state ρ AB . The LOCC protocol N LOCC transforms the initial state ρ AB into ρ m AB = (V m ⊗ K m )ρ AB (V † m ⊗ K † m )/P m when the measurement outcome is m. We choose the reference state γ = 1 A ⊗ ρ B , where ρ B is the marginal state of ρ AB , similar to the case of the pure state. The first-order moment of the entropy production then becomes
is the coherent information [100, 101] . When ρ AB is pure, the coherent information I(A B) is reduced to the entanglement entropy E S . As the coherent information quantifies the amount of quantum correlation between the two parties, the QFT in Eq. (24) captures the fluctuation of correlation loss through the LOCC protocol. In particular, this result can be utilized to investigate the fluctuation relation of quantum information quantities under feedback control [5, 102] . It would also be interesting to explore the case when the system and bath are initially correlated [64] . Although the dynamics of the system may not be a linear channel [64] , the dynamics of the entire system including the bath can be described by a CPTP map so that the information exchange between the system and bath can be studied in our QFT framework. In this way, thermodynamic quantities such as quantum heat and work can be coherently combined to both quantum and classical information quantities involved in the Maxwell demon or Laundauer's erasure in a unified framework.
VI. REMARKS
We have established a general framework of QFT by showing that it is always possible for any linear quantum channel to find the symmetry between the forward and backward probabilities. In our formulation, the Petz recovery map can be understood as a family of reverse quantum channels, and entropy production in conventional FTs can be generalized into the quantum regime. The effect of coherences has been taken into account in two different aspects: coherences in the quantum system and coherent transitions by the channel. Coherences in the quantum system lead to the modification of the FT as quantum corrections are required in the conventional fluctuation relations. We have seen that the significant differences arise when the quantum channel induces offdiagonal transitions. By introducing a complex-valued quantum entropy production, the transitions between both diagonal and off-diagonal elements of the system density matrix can be understood by a single formula.
The imaginary part of the quantum entropy production emerges at the point where nontrivial coherence transfer occurs, which may imply the broken symmetry. We also provide concrete examples of a two-level atom to explore the coherence transfers induced by the dynamics and the emergence of imaginary entropy productions. We highlight that our approach can be applied to any physical systems and dynamics described by a CPTP channel, ranging from a single unitary operation to complicated Lindblad equations.
Another important progress in this work is finding a direct connection between the QFT and the quantum data processing inequality. While both real and imaginary entropy productions are essential to derive the second law for a quantum channel from the QFT, only the real entropy production contributes to the mean entropy production represented by the quantum relative entropy difference. Our results provide a toolkit to analyze the dissipation of quantum resources through a quantum channel. As the reference state to the Petz recovery map can be chosen in various ways, our QFT allows investigating a given quantum channel from various angles, e.g. energy, coherence, entanglement, by providing a refined statistics of the dissipated resources. The relationship between the QFT of dissipated quantum resources and the monotonicity of the resource measure can be compared to that between the classical FTs and the second law of thermodynamics.
Yet there are possible applications and open-problems which can be studied in future research. In quantum thermodynamics, our approach can be useful to generalize the FTs with feedback control [5] into the quantum regime by fully understanding the fluctuation relation including quantum information exchange between the system and quantum memory [60] . Finding the deeper physical meaning of the imaginary information exchange or entropy production would be another interesting question, and it may be useful to distinguish a quantum channel by coherent and incoherent components. Quantum error correction protocols could benefit from this; the loss caused by a noisy quantum channel can be analyzed with greater details, and the resource-efficient quantum error correction protocols can be developed in a covariant way [92, 93] . Another interesting direction of future research would be developing a generalized measurement protocol [30, 32] to directly measure both real and imaginary entropy productions in a noninvasive way.
which completes the proof.
Appendix B: Recovery map for a Lindblad equation
We show that the reverse process of the forward Lindblad equation
is given by the following backward Lindblad equatioñ
by applying the Petz recovery map for infinitesimal time interval dt. For mathematical simplicity, we set = 1.
Note that the reverse channel for infinitesimal time interval dt is given by
n L n , A} . By taking the first order of dt, we get
where we denote G = γ 1/2 t and its time derivativeĠ for mathematical simplicity. We note that GG −1 = 1, which leads to(G −1 ) = −G −1Ġ G −1 . The last term of R t←t+dt can be expanded as
By definingL n = GL † n G −1 , we can rewrite the above equation as
Meanwhile, we also note that G = γ
where L(γ t ) =γ t = GĠ +ĠG. This leads to
By combining these altogether, we finally get
where the Hamiltonian for the reverse processH t is defined as
After recovering , we obtain the expression in Eq. (9). This result can also be generalized for the rotated Petz recovery map by taking G = γ 1/2+iθ t and taking into account for
First, we note that
with i = 0, 1 and k = 0 , 1 . For i = j and k = l , we define
for a ∈ {0, 1} and b ∈ {+ , × }. We then obtain
Similarly, for i = j and k = l , we obtain
for a ∈ {+, ×} and b ∈ {0 , 1 }. In order to obtain the TPM quasi-probability for i = j and k = l , we additionally define
for 
thus we conclude that every element of P µ,ν ij,k l is expressed in terms of P (m, m ). Then, P → (σ) for both real and imaginary σ can be obtained from the TPM quasi-probability distribution P µ,ν ij,k l .
Appendix E: Proof of Theorem 4:
We first show that if a quantum channel N is covariant with respect to the reference state, i.e.
all of its rotated Petz recovery maps R θ γ are the same with R γ . Note that J iθ γ and J −iθ N (γ) are unitary processes; therefore, the adjoint map N † satisfies
Therefore, the rotated Petz recovery map is given by
Now we prove the remaining part of Theorem 4. In terms of the elements in the transition matrix, every covariant quantum process obeys T ij→k l e iθ log r j r k r i r l = T ij→k l .
Multiplying both sides by e −iθσ I followed by the integration over θ leads to
Therefore, the probability distribution of entropy production is given by
and the QFT with real values of σ is given by
where the parameter θ is omitted since every rotated recovery map is identical to the Petz recovery map R γ .
Appendix F: Imaginary entropy production and symmetry breaking
We note that the non-vanishing point of the entropy production distribution can be written as where Π ρ (·) is the projection operator onto the support of ρ. This is due to the fact that J . Therefore, the first-order moment is given by the difference between the quantum relative entropy σ = σ R − iθ σ I = S(ρ||γ) − S(N (ρ)||N (γ)) for every θ.
In order to obtain the generalized second law, we utilize the following multivariate trace inequality recently proven by Sutter, Berta, and Tomamichel [103] , which generalizes the Golden-Thompson and Araki-Lieb-Thirring inequalities for multiple Hermitian matrices H k : log exp The bound for the recovery fidelity, σ ≥ − log F(ρ, (R γ • N )(ρ)), is then obtained by the joint concavity of the fidelity function and the concavity of the logarithm function.
The Corollaries can be proved as follows: For thermodynamic processes N th , we note that N th (γ) = γ , where γ = e −βH S /Z S and γ = e −βH S /Z S . Then the explicit form of this Petz recovery map is given by R γ (ρ ) = Tr B [U † (ρ ⊗ γ B )U ], which is a reverse thermodynamic process satisfying U † (H S + H B )U = H S + H B . We note that the thermodynamic process R γ is covariant with respect to the reference state γ; thus, every rotated Petz recovery map R θ γ reduces into the single form R γ . Then we haveR γ = R γ and σ = β(∆F eq − ∆F ), and Theorem 6 leads to the reversibility condition.
For covariant processes, the only thing we need to show is that R D(ρ) is a covariant quantum channel and apply Theorem 6. This condition can be proven as both D(ρ) and D(N cov (ρ)) commute with the generator L. The rotated Petz recovery map is written as R θ D(ρ) = J . ThereforeR D(ρ) is covariant with respect to L as it is a convex sum of the covariant operations R θ D(ρ) . We also note that the recovery mapR D(ρ) fully recovers the diagonal elements:
(D •R D(ρ) )(N cov (ρ)) = (R D(ρ) • D)(N cov (ρ)) =R D(ρ) (D(N cov (ρ))) = D(ρ) asR D(ρ) fully recovers D(N cov (ρ)) into D(ρ).
In a similar way to the covariant process, the recovery condition for the LOCC protocol can be proven by noting that the reverse process is another LOCC protocol as the reference state 1 A ⊗ ρ B and its evolution N LOCC (1 A ⊗ ρ B ) = 1 A ⊗ m P m ρ m B ⊗ |m M m| act only on the side of B. Furthermore, we note that the projection onto the initial state is given by |Ψ AB Ψ|, so that κ θ = Tr[|Ψ AB Ψ|R θ/2
